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Signals & Systems - Chapter 3 
 
1S. Continuous-time periodic signal x(t) is real valued and has a fundamental period T=8.  The nonzero 

Fourier series coefficients for x(t) are  
  a1 = a-1 =2,  a3 = a-3* =4j. 
Express x(t) in the form  

  x(t) = 





0

).cos(
k

kkk twA   

Solution: 
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1U. Continuous-time periodic signal x(t) is real valued and has a fundamental period T=12.  The nonzero 

Fourier series coefficients for x(t) are  
  a0 = 4, a2 = a-2* =j,  a3 = a-3* =-4j. 
Express x(t) in the form  

  x(t) = 





0

).cos(
k

kkk twA   

Solution: 
 

 
2S. A discrete-time periodic signal x[n] is real valued and has a fundamental period N=5.  The nonzero 

Fourier series coefficient for x[n] are  
  a0 = 1,  a2 = a-2* =ej/4, a4 = a-4* = 2ej/3 
Express x[n] in the form  

  x[n] = Ao + 





1

).sin(
k

kkk nwA   

Solution: 
 
Note: ak = aK+rN

  where r is any integer therefore  
                                      a-1 = a(-1+5) = a4 = 2ejπ/3  and            a1 = a(1-5) = a-4 = 2e-jπ/3 

𝑥[𝑛] = ෍ 𝑎௞𝑒௝௞ బ௧

ଶ

௞ୀିଶ

= 𝑎଴ + 𝑎ିଵ𝑒ି௝௪బ௡ + 𝑎ଵ𝑒௝௪బ௡ + 𝑎ିଶ𝑒ି௝ଶ௪బ௡ + 𝑎ଶ𝑒௝ଶ௪బ௡

𝑥[𝑛] = 1 + 2𝑒
௝గ
ଷ 𝑒ି௝௪బ௡ + 2𝑒ି

௝గ
ଷ 𝑒௝௪బ௡ + 𝑒ି

௝గ
ସ 𝑒ି௝ଶ௪బ௡ + 𝑒

௝గ
ସ 𝑒௝ଶ௪బ௡

𝑥[𝑛] = 1 + 2 ቄ𝑒௝ቀ
గ
ଷ

ି௪బ௡ቁ + 𝑒ି௝ቀ
గ
ଷ

ି௪బ௡ቁቅ + ቄ𝑒ି௝ቀ
గ
ସ

ାଶ௪బ௡ቁ + 𝑒௝ቀ
గ
ସ

ାଶ௪బ௡ቁቅ

𝐴𝑝𝑝𝑙𝑦 𝐸𝑢𝑙𝑒𝑟𝑠

  𝑥[𝑛] = 1 + 4cos ቀ−𝑤଴𝑛 +
𝜋

3
ቁ + 2cos ቀ2𝑤଴𝑛 +

𝜋

4
ቁ

𝑤଴ =
2𝜋

𝑁
=

2𝜋

5

𝑥[𝑛] = 1 + 4sin ൬−𝑤଴𝑛 +
5𝜋

6
൰ + 2sin ൬2𝑤଴𝑛 +

3𝜋

4
൰
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2U. A discrete-time periodic signal x[n] is real valued and has a fundamental period N=9.  The nonzero 

Fourier series coefficient for x[n] are  
  a0 = 2,  a3 = a-3* =3ej/2, a4 = a-4* = 2e-j/4 
Express x[n] in the form  

  x[n] = Ao + 





1

).sin(
k

kkk nwA   

Solution: 
 

 
3S. For the continuous-time period signal 

  )
3

5
sin(4)

3

2
cos(2)( tttx


  

determine the fundamental frequency wo and the Fourier series coefficients ak such that 

  





k

tjkw
k

oeatx )(  

Solution: 
Apply Eulers to the x(t) 

𝑥(𝑡) = 2 +
1

2
൤𝑒ା௝

ଶగ
ଷ

௧ + 𝑒ି௝
ଶగ
ଷ

௧൨ −
1

2𝑗
൤𝑒ା௝

ହగ
ଷ

௧ − 𝑒ି௝
ହగ
ଷ

௧൨

𝑥(𝑡) = 2 +
1

2
𝑒ା௝ଶ(

ଶగ
଺

)௧ +
1

2
𝑒ି௝ଶ(

ଶగ
଺

)௧ −
1

2𝑗
𝑒ା௝ହ(

ଶగ
଺

)௧ +
1

2𝑗
𝑒ି௝ହ(

ଶగ
଺

)௧

𝑤଴ =
2𝜋

6
 𝐹𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦

 

 
a0=2;   a2= a-2=1/2;   a5= a-5

*=-1/(2j);  
 
3U. For the continuous-time period signal 

  )
5

3
sin(2)

7

4
cos(43)( tttx


  

determine the fundamental frequency wo and the Fourier series coefficients ak. 
 

Solution: 
 

 
4S. Use the Fourier series analysis equation to calculate the coefficients ak for the continuous-time 

periodic signal 

  x(t) = 
215.1

105.1




tfor

tfor
 

with fundamental frequency wo = . 
  
Solution:  Continuous-time system, we have:  

EquationAnalysisSeriesFourierdtetx
T

dtetx
T

a

EquationSynthesisSeriesFouriereaeatx

tTjk

T

tjkw

Tk

k

tTjk
k

k
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k

o

o
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1

)(
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




















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𝑤଴ = 𝜋 → 𝜋𝑇 = 2𝜋 → 𝑇 = 2

𝑎௞ =
1

2
න 𝑥(𝑡)𝑒ି௝௞௪೚௧𝑑𝑡

ଶ

଴

=
1

2
න 1.5𝑒ି௝௞௪೚௧𝑑𝑡

ଵ

଴

−
1

2
න 1.5𝑒ି௝௞ ೚௧𝑑𝑡

ଶ

ଵ

𝑓𝑜𝑟 𝑘 = 0 → 𝑎଴ = 0
𝑓𝑜𝑟 𝑘 ≠ 0

𝑎௞ =
1.5

−2𝑗𝑘𝑤଴

(𝑒ି௝௞ ೚ − 1 − 𝑒ି௝ଶ௞௪೚ + 𝑒ି௝௞௪೚) =
1.5

−2𝑗𝑘𝜋
(2𝑒ି௝௞గ − 1 − 𝑒ି௝ଶ௞గ) =

1.5

−2𝑗𝑘𝜋
(2𝑒ି௝௞గ − 2)

𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑘 → 𝑎௞ = 0

𝑓𝑜𝑟 𝑜𝑑𝑑 𝑘 → 𝑎௞ =
1.5

−2𝑗𝑘𝜋
(2cos𝑘𝜋 − 𝑗2sin𝑘𝜋 − 2) =

3

𝑗𝑘𝜋

 

4U. Use the Fourier series analysis equation to calculate the coefficients ak for the continuous-time 
periodic signal 
 

  x(t) = 
sec1sec5.01

sec5.001

mtmfor

mtfor




 

 
with fundamental frequency wo = 2000. 
  

Solution: 
 

 
 
5S. Consider three continuous-time periodic signals whose Fourier series representations are as 

follows: 

  






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
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



100

100

)
50

2
(

3

100

100

)
50

2
(

2

100

0

)
50

2
(

1

)
2

sin()(
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







  

 
Use Fourier series properties to help answer the following questions: 
 
a)  Which of the three signals is/are real valued? 
b)  Which of the three signals is/are even? 
 
Solution: 
 

a) if 
*

kk aa   Then the signal x(t) is real otherwise it is not. 

Note: conjugate means that (A+jB)* = (A-jB) 
 
x1(t) Fourier series coefficients are ak = (1/2)K for 0≤k≤100 otherwise ak=0  
  We know that {ak=(1/2)K} ≠ {a-k*=(1/2)-K}  therefore x1(t) is not Real 
 
x2(t) Fourier series coefficients are ak = cos(k) for-100≤k≤100 otherwise ak=0  
  We know that {ak= cos(k)} = {a-k*= cos(-k)}  therefore x2(t) is Real 
 
x3(t) Fourier series coefficients are ak = jsin(k/2) for-100≤k≤100 otherwise ak=0  
  We know that {ak= jsin(k/2)} = {a-k*= -jsin(-k/2)}  therefore x2(t) is Real 
 

b) For a signal x(t) to be even its Fourier Series Coefficient ak must be even 
In other words the relationship “x(t)=x(-t)   ak = a-k”  is true 
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Which means only x2(t) is even since only for this function ak = a-k 
 

 
5U. Consider three continuous-time periodic signals whose Fourier series representations are as 

follows: 
 

  
𝑥ଵ(𝑡) = sin(2000𝑘𝜋𝑡)  𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠  int𝑒𝑔𝑒𝑟

𝑥ଶ(𝑡) = 10cos(15.294𝑘𝜋𝑡) + 10  𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

𝑥ଷ(𝑡) = sin(2000𝑘𝜋𝑡)  + 𝑗15  𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 int𝑒𝑔𝑒𝑟
 

 
Which of the above signals have a Fourier Series Coefficient (aK) that are: 
 
a) Even 
b) Odd 
c) Pure Imaginary 
d) Real 
 
Solution: 
 
 

6S. Use the analysis equation to evaluate the numerical values of one period of the Fourier series 
coefficients of the periodic signal 

  }.]41[8]4[4{][ 





m

mnmnnx   

 
Solution:  For Discrete-time system, we have 

  

EquationAnalysisSeriesFourierenx
N

enx
N

a

EquationSynthesisSeriesFouriereaeanx

Nn

nNjk

Nn

njkw
k

Nk

nNjk
k

Nk

njkw
k

o

o



















)/2(

)/2(

][
1

][
1

][





 

a)  

first understand the signal }]41[8]4[4{][ 





m

mnmnnx    

using the definition of impulse function we can write: 
  x[n] = 4   for n=4m 
            8   for n=4m+1  
            0   otherwise 
We see that the signal is periodic with a fundamental period of N=4. 
[If you don’t see it, just find value for x[0] = 4, x[1] = 8, x[2] = 0, x[3] = 0, x[4] = 4, x[5] = 8, … which repeats 
every four terms] 

  )2/()4/2(0
3

0

)4/2()/2( 2184
4

1
][

4

1
][

1  jkjk

n

njk

Nn

nNjk
k eeeenxenx

N
a 







    

Therefore: 
  a0 = 3,  a1 = 1 - 2j,  a2 = -1,  a3 = 1 + 2j 

 
6U. Use the analysis equation to evaluate the numerical values of one period of the Fourier series 

coefficients of the periodic signal 

  }.]52[2]5[3{][ 





m

mnmnnx   

 
Solution:   
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7S. Let x[n] be a real and odd periodic signal with period N=7 and Fourier coefficient ak. Given that  
  a15 = j,  a16 = 2j,  a17 = 3j. 
Determine the values of  a0,  a-1,  a-2  and  a-3. 
 
Solution: 
 
Using the properties of Fourier Series we could state: 
  1) Period with period N=7  ak = ak+7n 

  a1 = a1+2*7 = a15  = j 
 a2 = a2+2*7 = a16  = 2j 
  a3 = a3+2*7 = a17  = 3j 
 
  2) real and odd x(t)  ak is purely imaginary and odd  (ak=-a-k) 
  a0 = 0  
 a-1 = -a1 = -j 
  a-2 = -a2 = -2j 
   a-3 = -a3 = -3j 
 

 
7U. Let x[n] be a real and odd periodic signal with period N=9 and Fourier coefficient ak. Given that  

 
   a15 = 2j,  a16 = 3j a17 = -4j. 
 
Determine the values of  a0,  a-1,  a-2  and  a-3. 
 

Solution: 
 
 

 
8S. Determine the Fourier series representations for the following signals: 

a)  Each x(t) illustrated in the following figure 

 
b)  Each x(t) illustrated in the following figure 

 
c)  Each x(t) illustrated in the following figure 

t 

1 

-5       -4          -3          -2         -1                  1         2         3        4         5 

x(t) 

t 

-1 

1 

-3      -2        -1                     1       2         3        4         5 

x(t) 
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d)  Each x(t) illustrated in the following figure 

 
e)  x(t) is a periodic signal with period 2 and  
  x(t) = e-t    for     -1 < t < 1 
 
Solution: 
 
a)  

0
)1(

0

2

1
)(

1

)(

/22

0

1

1

0

00






















kfor
k

j
a

vduuvudvpartbynIntegratio

a

dttedtetx
T

a

ttx

TwT

k

k

tjkw

T

tjkw
k





 

 

t 

1 

-4         -3       -2      -1                1       2       3        4       5       6  

x(t) 

-2 

t 

2 

-5         -3    -2                   1           3      4           6     7            9      

x(t) 
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b)  

koddfor
kk

k

kevenfora

a

dtetdtedteta

dtetx
T

a

tfort

tfor

tforttx

TwT

k

tjkwtjkwtjkw
k

T

tjkw
k

)
6

sin()
2

sin(
6

0

2/1

)2()2(
6

1

)(
1

212

111

122)(

3//26

22

0

2

1

1

1

1

2

0

000

0












































  

 
c)  

  0)3/sin(2)3/2sin(
2

3

1

)22()2(
3

1

)(
1

1022

022)(

3/2/23

3/3/2

22

0

1

0

0

2

0

00

0


































kforkeke
k

j
a

a

dtetdteta

dtetx
T

a

tfort

tforttx

TwT

kjkj
k

tjkwtjkw
k

T

tjkw
k








 

 
d)  

0)1(
2

1

2/1

)(
1

12

01)(

/22

0

0

0












 

kfora

a

dtetx
T

a

tfor

tfortx

TwT

k
k

T

tjkw
k


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e)  

kallfor
jk

eetjkdteedtetx
T

a

tforetx

TwT

jkjk
tjkt

T

tjkw
k

t

e
jk 








 




















 1
)1()(

1

11)(

/22

)1()1(

1

1

1

1

0

(
1

1
0

 

 
8U. Determine the Fourier Series representation for the signal shown in the following figure: 

 
Solution: 

 
 
9S.  A discrete-time periodic signal x[n] is real valued and has fundamental period N=5.  The nonzero 

Fourier series coefficients for x[n] are 
  a0 = 2,  a2 = a-2* = 2ej/6,  a4 = a-4

* = ej/3 

Express x[n] in the form  

  x[n] = Ao + 





1

).sin(
k

kkk nwA   

 
Solution: 

𝑤଴ = 2𝜋/𝑁 = 2𝜋/5

𝑥[𝑛] = ෌ 𝑎௞𝑒௝௞௪బ௡ = 𝑎ିଶ𝑒ି௝ଶ(ଶగ/ହ)௡ + 𝑎ିଵ𝑒௝(ଶగ/ହ)௡ଶ

௞ୀିଶ
+ 𝑎଴ + 𝑎ଵ𝑒௝(ଶగ/ହ)௡ + 𝑎ଶ𝑒௝ଶ(ଶగ/ହ)௡

𝑥[𝑛] = 2𝑒ି
ೕഏ

ల 𝑒ି௝ቀ
రഏ

ఱ
ቁ௡ + 𝑒

ೕഏ

య 𝑒ି௝ቀ
మഏ

ఱ
ቁ௡ + 2 + 𝑒ି

ೕഏ

య 𝑒௝ቀ
మഏ

ఱ
ቁ௡ + 2𝑒

ೕഏ

ల 𝑒௝ቀ
రഏ

ఱ
ቁ௡

Apply Euler Identity

𝑥[𝑛] = 2 + 4cos[(4𝜋/5)𝑛 + 𝜋/6] + 2cos[ቀ
ଶగ

ହ
ቁ 𝑛 − 𝜋/3]

𝑎𝑑𝑑 𝜋/2
𝑥[𝑛] = 2 + 4sin[(4𝜋/5)𝑛 + 4𝜋/6] + 2sin[(2𝜋/5)𝑛 + 𝜋/6]

= 

 
9U.  A discrete-time periodic signal x[n] is real valued and has fundamental period N=7.  The nonzero 

Fourier series coefficients for x[n] are 
  a0 = 2,  a1 = a-1* = ej/3,  a3 = a-3

* = 3ej 

Express x[n] in the form  

  x[n] = Ao + 





1

).sin(
k

kkk nwA   

 
Solution: 

 
 
10S. Determine the Fourier series coefficients for the following discrete-time periodic signal.  Plot the 

magnitude and phase of each set of coefficients ak.  
 
   x[n] = sin(2n/3)cos(n/2) 
 
Solution: 

x(t) 

t 1 -1 

2 

2 -2 
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𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚 𝑤଴ = 2𝜋/𝑁 = 2𝜋/3 ⇒ 𝑁ଵ = 3
sec𝑜𝑛𝑑 𝑡𝑒𝑟𝑚 𝑤଴ = 2𝜋/𝑁 = 𝜋/2 ⇒ 𝑁ଶ = 4

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 𝑓𝑜𝑟 𝑋[𝑛] ⇒ 𝑁 = 12
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ଵଵ

௡ୀ଴

 

 
10U. Determine the Fourier series coefficients for the following discrete-time periodic signal.  Plot the 

magnitude and phase of each set of coefficients ak.  
 
   x[n] = sin(6n/7)e(jn/10) 
 

Solution: 
 

11S. The signal represented by the following Fourier series coefficients is a periodic with period 8.  
Determine the signal x[n]. 

 
Solution: 
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11U. The signal represented by the following Fourier series coefficients is a periodic with period 7.  

Determine the signal x[n]. 

 
Solution: 
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