Signals & Systems - Chapter 3

18S.

Continuous-time periodic signal x(t) is real valued and has a fundamental period T=8. The nonzero
Fourier series coefficients for x(t) are

a; = a, =2, az = a_3* =4j
Express x(t) in the form

x(t) = z A, cos(w,t+¢,).
k=0
Solution:

x(t) = Zakejk”'“t =2 M 4 DM —4je M 4 4 je
k=—0

Apply Eulers

x(t) =2(2coswyt) +4j(2jsin3w,t) = 4cos w,t —8sin 3wt
w,=2x/T=2rn/8=n/4
x(t)=4cosm/4—8cos(3m/4—1m/2)

1U.

Continuous-time periodic signal x(t) is real valued and has a fundamental period T=12. The nonzero
Fourier series coefficients for x(t) are

dp = 4, a; = a.z* =j, as = a_3* =-4j.
Express x(t) in the form

x(t) = z A, cos(w,t+¢,).
k=0
Solution:

2S.

A discrete-time periodic signal x[n] is real valued and has a fundamental period N=5. The nonzero
Fourier series coefficient for x[n] are

a, =1, a, = a,* =e™ a, = a,* = 2™
Express x[n] in the form

x[n] = A, + ZAk sin(w,n+ @, ).
k=1
Solution:

Note: ax = ak+v Where r is any integer therefore

a.1 = ar1+5) = ag = 26/77/3 and a1 =45 =a4 = Ze'fm
2

x[n] = z ae’® of = ay+a_jeIWom 4 g e/Won + q_,e /PO 4 g, el2Won
K=—2

T . it L JL
X[Tl] =14 2e3 e JWon 4 273 I/Wolt 4 o7 7 o J2WoN | o' @J2ZWon
x[n] =142 {e]'(%—won) + e—]'(%—won)} + {e—j(%+2w0n) + ej(%+2w0n)}
Apply Eulers
x[n] =1+ 4cos (—won + g) + 2cos (ZWOTl + %)

_2m 2m
=N
. 5m ) 3
x[n] = 1+ 4sin (—WOTL + ?> + 2sin (ZWOn + T)
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2U. A discrete-time periodic signal x[n] is real valued and has a fundamental period N=9. The nonzero
Fourier series coefficient for x[n] are . .
a, =2, a; = ay* =3¢/"% a, = a* = 2¢7"*
Express x[n] in the form

x[n] = A, + z A, sin(w,n+g,).
k=1
Solution:

3S. For the continuous-time period signal
x(t)=2+ cos(z?ﬂt) + 4sin(5?ﬂt)
determine the fundamental frequency w, and the Fourier series coefficients a, such that
x(t) = iakejkwot
k=—o0

Solution:
Apply Eulers to the x(t)

17 .2 2 11 .5 5
x(t)=2++ et Tt 4 e_]?nt] - —,[eﬂ?nt —e I3t
2 2j
1 ,.,2 1 .2 1 2 1 2
X(£) = 2 + =TI L 2 gmI2COE | oIS | 2 ISt
2 2 2j 2j

2
Wo =~ Fundamental Frequency

ap=2; a,= a,=1/2; as= a_5*=-1/(2j);

3U. For the continuous-time period signal
4r . 3n
x(t) =3+ 4cos(7t) + 2s1n(?t)
determine the fundamental frequency w, and the Fourier series coefficients ay.

Solution:

4S. Use the Fourier series analysis equation to calculate the coefficients a, for the continuous-time
periodic signal
1.5 for 0<t<l

-1.5 for 1<t<2
with fundamental frequency w, = 7.

x(t) =

Solution: Continuous-time system, we have:

x(t) = Zakejkwﬂ’ = Zakejk(z”/ Dt Fourier Series Synthesis Equation
fk=—0

fk=—0

_ 1 —jkw,t 7. 1 —jkQ2r/ Tt . . . .
a, = g JT x(t)e " dt = ?IT x(t)e dt FourierSeries Analysis Equation
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Wo=nm—-onl =2n->T=2

2 1 2
ay = %fx(t)e‘jkwotdt = %f 1.5e/kwotqt — %f 1.5e7/k otqt
0 0 1
fork=0-a,=0
fork+0
— L5 -jk o _ 1— —j2kwg 4+ —jkwoy — L5 2 —jkm _ 1— —j2kmy — . 2 —jkm _ 2
O = —2jkw, (e ¢ ¢ )= —ijn( ¢ ¢ )= —ijn( ¢ )

forevenk - a, =0

. 3
(2coskm — j2sinkm — 2) = —

dd k =
forodd k> ax = 5o ke

4U. Use the Fourier series analysis equation to calculate the coefficients a, for the continuous-time
periodic signal

+1  for 0<t<0.5msec

x(t) =
-1 for 0.5msec<t<Ilmsec

with fundamental frequency w, = 2000~.

Solution:

58. Consider three continuous-time periodic signals whose Fourier series representations are as

follows:
01wy
P -

xO=) e

i 2

20 e
X, ()= Y cos(km)e”

k=—100

& k. wCEy
(0= jsin=e ¥

k=—100 2

Use Fourier series properties to help answer the following questions:

a) Which of the three signals is/are real valued?
b) Which of the three signals is/are even?

Solution:

a) ifa, = a_k* Then the signal x(t) is real otherwise it is not.
Note: conjugate means that (A+jB)* = (A-jB)

x4(t) Fourier series coefficients are a, = (1/2)" for 0<k<100 otherwise a,=0
We know that {ak=(1/2)K} # {a_k*=(1/2)'K} therefore x4(t) is not Real

Xo(t) Fourier series coefficients are ay, = cos(kn) for-100<k<100 otherwise a,=0
We know that {a,= cos(kn)} = {a*= cos(-kn)} therefore x,(t) is Real

X3(t) Fourier series coefficients are ay = jsin(kn/2) for-100<k<100 otherwise a,=0
We know that {a,= jsin(kn/2)} = {a*= -jsin(-kn/2)} therefore x,(t) is Real

b) For a signal x(t) to be even its Fourier Series Coefficient a, must be even
In other words the relationship “x(t)=x(-t) € 2> ax = ay” is true
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Which means only x,(t) is even since only for this function a, = a

5U. Consider three continuous-time periodic signals whose Fourier series representations are as
follows:

x1(t) = sin(2000krwt) where k is integer
X,(t) = 10cos(15.294knt) + 10  where k is integer
x3(t) = sin(2000kmt) + j15 where k is integer

Which of the above signals have a Fourier Series Coefficient (ak) that are:
a) Even

b) Odd

c) Pure Imaginary

d) Real

Solution:

6S. Use the analysis equation to evaluate the numerical values of one period of the Fourier series
coefficients of the periodic signal

x[n] = i {40[n—4m]+85[n—1-4ml}.

Solution: For Discrete-time system, we have

ikw, k(2w / N . . . ;
x[n]= Zakef o = Zakef C2INm - Fourier Series Synthesis Equation
k=<N> k=<N>

1 w1 k(27 N)n : . . .
a, =— Zx[n]e Jwon — Zx[n]e REEIN Fourier Series Analysis Equation
Nn:<N> Nn:<N>

a)

first understand the signal x[n] = Z {46[n —4m]+ 80[n—1—4m]}
using the definition of impulse function we can write:
x[n] =4 forn=4m

8 for n=4m+1

0 otherwise
We see that the signal is periodic with a fundamental period of N=4.
[If you don’t see it, just find value for x[0] = 4, x[1] = 8, x[2] = 0, x[3] = 0, x[4] = 4, x[5] = 8, ... which repeats
every four terms]

1 > 1 3 > 1 > .

a4 = Zx[n]e k(27 Nyn =—Zx[n]e k(27! 4)n =—[4€0+8€ ]k(27z/4)]:1+2e Jk(z12)

N 4 4
n=<N> n=0

Therefore:
ap =3, a4 :1-2j, a=-1, az=1 +2J

6U. Use the analysis equation to evaluate the numerical values of one period of the Fourier series
coefficients of the periodic signal

x[n]= i{35[n —5m]+20[n—2—-5m]}.

m=—0

Solution:
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7S. Let x[n] be a real and odd periodic signal with period N=7 and Fourier coefficient a,. Given that
a5 = j, a6 = 2j, a7 = 3j.
Determine the values of a,;, a4, a, and a..

Solution:

Using the properties of Fourier Series we could state:
1) Period with period N=7 = ay = ax7,
ay = a7 =ai =]
az = Anp7= a1 = 2j
az = a7 = a7 = Jj

2) real and odd x(t) = ag is purely imaginary and odd (ax=-ay)

dp = 0
a-1=-a1= -j
a-) = -ax = -2_]
a-z3 = -az = -3_]

7U. Let x[n] be a real and odd periodic signal with period N=9 and Fourier coefficient a,. Given that
a5 = 2j, a = 3j aq7 = -4j.
Determine the values of a,;, a4, a, and aa.

Solution:

8S. Determine the Fourier series representations for the following signals:
a) Each x(t) illustrated in the following figure

x(t)

x(t)
1
3 4 3 R _1\2 34 3 t

c) Each x(t) illustrated in the following figure
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-5 302 | 1 3 4 6 7 9

d) Each x(t) illustrated in the following figure

x(t)

e) x(t) is a periodic signal with period 2 and
x(t)=e* for -1<t<1

Solution:

a)
IT=2->w,=27/T=nx

x(t)=t
a, = l'[x(t)efﬂm"’dt = lj-z‘eﬂ‘“”"ta’t
T T 2 -1

a,=0

Integration by part — Iudv =uv-— I vdu

Nk
a, :—](k: fork#0
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b)
T'=6—->w,=27x/T=nrn/3

xt)=t+2 for-2<t<-1
1 for —1<t <+1
2-t for+l<t<+2

a, = %Ix(t)e_jkw"'dt
T

-1 1 2
a, = %{ j (t+2)e ™ dt + j e P gt + j (2- t)e-”“”"’dt}
-2 -1 1

a,=1/2

a, =0 for even k

= %sin(?) sin(%) for odd k

c)
T=3->w,=27/T=2x/3
x(t)=t+2 for-2<t<0
2-2t forO0<t<+1
1 A
a, =— | x(t)e™" dt
= j )
1 ¢ A 1 A
a, = 3{ Je+2e ™ ar+ [ @- 2t)e-’kw°’dt}
-2 0
a, =1
ay ==L sinan13) + 26" sinthn 1) for k#0
21k
d)

T'=2—->w,=27n/T=nxn
xt)=1 fort=0
-2 fort=1

1 .

a, =— | x(t)e ™" dt
. Tl (t)
a,=-1/2

a, =%—(—1)k fork#0
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e)
T'=2—>w,=27n/T=nx

x(t)y=e"' for —-1<t<l
1 _1 p(Hkm) _ (1 jk)

a, =%J’x(t)e"jkw°’dt = J'e_te'jk’”dt :7_(8_(l+jkﬂ)t = Tk Jor all k
T o 1+ jkr + k7

1

-1

8U. Determine the Fourier Series representation for the signal shown in the following figure:

Solution:

9S. A discrete-time periodic signal x[n] is real valued and has fundamental period N=5. The nonzero
Fourier series coefficients for x[n] are _ _
a,=2, a,=ay*=2e" a,=a, =™
Express x[n] in the form

x[n] = A, + iAk sin(w,n+¢, ).

k=1

Solution:
wy = 2n/N = 2m/5

x[n] - Zi:—z akejkwon — a_ze—j2(2n/5)n + a_lej(2n/5)n + a, + alej(Zﬂ:/S)n + azejZ(Zﬂ:/S)n

x[n] = Ze_j?ne_j(‘t?n)’1 + e%e_j(z?n)n +2+ e_%ej(z?n)n + Zej?nej(%n)’1
Apply Euler Identity =
x[n] = 2 + 4cos[(4m/5)n + /6] + 2cos[(Z) n — n/3]
add /2
x[n] = 2 + 4sin[(4n/5)n + 4w /6] + 2sin[(2/5)n + /6]

9U. A discrete-time periodic signal x[n] is real valued and has fundamental period N=7. The nonzero
Fourier series coefficients for x[n] are _ _
a,=2, a;=a*=e", a;=a, =3¢e"
Express x[n] in the form

x[n] = A, + iAk sin(w,n+¢, ).

k=1

Solution:

10S. Determine the Fourier series coefficients for the following discrete-time periodic signal. Plot the
magnitude and phase of each set of coefficients a.

x[n] = sin(2nn/3)cos(nn/2)

Solution:
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first term wy = 2n/N = 2n/3 = N, = 3
second term wy = 2n/N =n/2 => N, = 4
Therefore period for X[n] = N =12
11 1 11
a, = Nz x[n]e Jkwon = EZ sin(2mn/3)cos(nn/2)e/k on

n=0 n=0

10U. Determine the Fourier series coefficients for the following discrete-time periodic signal. Plot the
magnitude and phase of each set of coefficients a.

x[n] = sin(6xn/7)e™"?

Solution:

11S. The signal represented by the following Fourier series coefficients is a periodic with period 8.
Determine the signal x[n].

ax

12 .
_ o1 |+ o1 | " o1 | l

Solution:
w, =27/8=nr/4

3
X[n] — Za ejkwun — 2+ej(7r/4)n +e—j(7r/4)n +lej(7r/2)n +le—j(ﬂ/2)n +lej(37r/4)n +le—j(3ﬂ/4)n +O
k=4 ‘ 2 2 4 4

x[n]=2+2cos(/m/4)+cos(m/2)+ (1/2)cos(3m/4)

11U. The signal represented by the following Fourier series coefficients is a periodic with period 7.
Determine the signal x[n].

—
—
—_—

Solution:
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