Signals & Systems - Chapter 4

1S. Use the Fourier transform analysis equation to calculate the Fourier transform of:
a) e Dy(r-1) b) e
Sketch and label the magnitude of each Fourier transform.

Solution: For Fourier Transform we have
x(t) = if_mmX(iw)ethdw Fourier Transform Synthesis equation

X(w) = ffooo x(t)e Wdt Fourier Transform Analysis equation

a) Using the Fourier Transform Analysis equation
X(wy= [ x@e ™ de =" e Pu-1ede = [T Ve dr

—Jjw

-1 e—(2+jw)t+2|:cz -1 (0 — e @2y — e

X(iw) = ‘”ef(erjw)szt:
() J.l 24 jw 24 jw 24 jw

4/X(w)| which is the magnitude...

1/2

v

b) Using the Fourier Transform Analysis equation
0 . 0 . © . 1 .
X(jw)= .[ x(t)e ™dt = J- e M e dt = .[1 e 2 Ve Mt +J- e Ve M dt

—00

0 . 1 .
X(]W) :J'l ef(z+_/w)z+2dt+Lf(zfjw)zfzdt

—jw —jw

-1 o @2 1 e(zf_/w)zfz|1 __€ . _
2+ jw L 2—jw 24w 2—jw
4"
X(jw) =
(/) 4+w*
AXGwW)|
1
w
0 >

1U. Use the Fourier transform analysis equation to calculate the Fourier transform of:
a) e Vu(-t+3) b) ¢
Sketch and label the magnitude of each Fourier transform.
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Solution:

2S. Use the Fourier transform analysis equation to calculate the Fourier transform of:
a) o(t+1)+o(-1) b) %{u(—Z—t)+u(t—2)}
Sketch and label the magnitude of each Fourier transform.
Solution: For Fourier Transform we have

1 ‘

x(2) = Py _[ X(jw)e™dw Fourier Transform Synthesis equation
T v

X(jw) = f x(t)e " dt Fourier Transform Analysis equation

a) Use the Fourier Transform Analysis Equation
X(w) =" xed = [ 166+ 1)+ ¢ ~1)je " di

we know that when t=0 then 6(t) =1otherwise d(t) =0 therefore
X(jw)y=e” +e™ =2cosw

AHXGw)|
2
/\ / \/\ )
w2 0 w2 g
b) Use the Fourier Transform Analysis Equation
X(jw) = e ™Mdt =| —{u(=2—-1)+u(t-2)}e’"dt
(W) = [ x(®)e [ o u-2=0+ut=2)e
we know that @ = 0(t) therefore
X(jw) = f (0(t-2)-0(t+2)e ™dt =e?" —e*’ =-2jsin(2w)
AXGw)|
2
VAN ;
/2 h /2 g

2U. Use the Fourier transform analysis equation to calculate the Fourier transform of:

a) S(t+2)+35(~t+2) b) %{u(—3—t)+u(t—3)}
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Sketch and label the magnitude of each Fourier transform.

Solution:

3S. Determine the Fourier transform of each of the following periodic signals:

a) sin(2m + %) b) 1+ cos(67 + %)
Solution:

. T
a) signal x(¢) =sin(2 + Z) is periodic with period (Fundamental Period, T=1 2> w, = 2r)

The easiest way would be use Euler’s Identity to find the Fourier Series coefficients.

x(t) — Sln(zﬂt +£) — L(e_/(2m+ﬂ/4) _ej(27zt+7r/4)) — L'ejﬂ'/4ej2m _L.efjﬂ'/4efj2m
4 2j 2j 2j
1 i/ 4 1 —jrl4
Therefore a, = —e’ a,=——e"’
2j 2j

We know this signal is periodic with period 1 and we know that a periodic signal in the above form has
transfer function as shown below:

X(jw) = D 2ma, S(w—kwy) = 2ma_ 5(w+w,) + 27,6 (w—w,)
k

=—0

X(jw) = —%e_j”/45(w+ 27) +§ej”/45(w— 27)

V4
b) signal x(t) =1+ cos(6 + g) is periodic with period (Fundamental Period, T=1/3 = w, = 6n)

The easiest way would be use Euler’s Identity to find the Fourier Series coefficients.

T 1 » 1 . ) 1 e
x(t) =14+ cos(67t + =) =1+ =(e/ ™78 4 o /OOy _ | | —oi7/8p 6 4 _ gminI8pmi0m
8 2 2

I |
Therefore a, =—e’""* a, =—e7""* a,=1

2 2
This signal is periodic:

2w
w = W=§—> Period N = 16

Fourier Series Coefficients can be used to to write the X(jw) as:

X(jw) = Zka5(w—kwo) =2ma_ O(W+w,)+2ma,0(w)+ 2ma,6(w—w,)

k=—o0

X(jw) = me "2 S(w+ 671) + 276 (W) + e’ S (W — 677)

3U. Determine the Fourier transform of each of the following periodic signals:

a) cos(2mt — %) b) 10+ sin(5a + 3?7[)

Solution:
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4S. Use the Fourier transform synthesis equation to determine the inverse Fourier transforms of:

X,(jw)= 2 for 0<w<2

a) X,(jw)=2m0(w) +no(w—4r)+ mo(w+4rx) b) -2 for -2<w<0

0 for |w|>2

Solution:

a)

b)

1 .
x(1) = E LO X(jw)e™dw Fourier Transform Synthesis equation

X(t) = ij':o {27[5(W) + 72'5(W— 47[) + 72-5(W+ 472.)}ejwtdw

x(t) = L{27re° + e’ 4 et =1 +%ef4’” +%ej4m =1+ cos(4m)

x(1) = —21 I C X (jw)e”™ dw  Fourier Transform Synthesis equation
T v
x(t):szzethdW-l-Ljo—Zelwdw:L(eﬂt _1}_ 1 (l_e,jzt)
2z 272 j ja

X() = (e ey
VE VE

4U.

Use the Fourier transform synthesis equation to determine the inverse Fourier transforms of:

a) X,(jw) = 3jné(w — 2m) + nd(w — 4m) — 3jnsS(w + 2m) + (W + 4m)

b)

X,(jw)y= 1 for 0<w<5

-1 for -5<w<0
0 for |w|>>5

Solution:

58.

Determine whether each of the following statements is true or false. Justify your answers.
a) An odd and imaginary signal always has an odd and imaginary Fourier transform.
b) The convolution of an odd Fourier transform with an even Fourier Transform is always odd.

Solution:

a)

Form Fourier transform properties table we have
odd signal x(t) = purely imaginary and odd Fourier transform X(jw)
F{purely imaginary signal jx(t)} = jX(jw) using linearity

Based on the above two statements we can conclude that an odd and imaginary signal jx(t) always has
an odd and real Fourier transform therefore the problem statement is false.

b) We have

1) odd Fourier transform corresponds to an odd signal
2) even Fourier transform corresponds to an even signal
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Convolution of an even F.T. with an odd F.T. in time domain is multiplication of even and odd function
which results in an odd function therefore the problem statement is True.

5U. Determine whether each of the following statements is true or false. Justify your answers.
a) A sin() function will always have pure imaginary even Fourier Transfer function.
b) A tan() function will always have pure imaginary odd Fourier Transfer function.
c) A cos() function will always have real and even Fourier Transfer function.

Solution:

6S. Compute the Fourier transform for each of the following Signals:
a) [e“ cosw,tlu(t) for a>0 b) e sin 2¢

£) =1+ cos st tI£1 N
x(7) cosat for |t d Y a"s(t-kT) for |a|<l

0 fOV | t | >1 k=0
o) [re™ sin 4rJu() H [sinm}{sin 27z(t—1)}
it z(t—1)
g)
x(t)
1 -
1 1 t
-2 -1 1 2
- -1

h)

SN

6 5 4 3 2 -10

) x(t)=1-t> for 0<t<l
0 Otherwise

J) i e—\t—Zn\

Solution:
a)
x(t)=[e “ cosw,tlu(t) for a>0
X(t) — %eat {ejwot + je—jwot }u(t) — {%e—(a—jwo )t + %e—((ﬁjwo )t }M(t)
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From the Fourier Transform Table:

e “u(t) —-t—

a+ jw
Therefore>
X(jw) = L + L
2(a— jw, + jw)  2(a+ jw, + jw)
b)
x(t) = e sin(2¢) = e sin(2t)u(t) + e sin(2)u(—t)
X(0) =~ e — e ju(t) + A—e™ fe — e Ju(—t)
2j 2j
x(t) = x, (t) +x,(¢t) where
xl (t) _ (3 2/)tu(t) 1 (3+2j)tu(t)
2J
x,(t) = L_e_(_Hj)tu(—t) —L‘e_(_mj)’u(—t) =—x,(-t) == X,(jw) ==X, (—jw)
2j 2j
) 1 1
Xl(]W) = 3 A . )
2j3—j24+ jw) 2B+ j2+ jw)
. . ) 1 1 1 1
X(w) =X\(w+X, (W) = ot
2j3—-j2+jw) 2jB+ 2+ jw) 2jB—-j2-jw) 23+ j2-jw)
. 1 1
X(jw) = > >
O+(w+2)" 9+(w-2)
c)
x(t)=1+cosm for |t|<1
0 for |t|>1
. T —jwt 1 — jwt 1 1 +jat 1 —jnt — jwt
X(jw) = .[x(t)e / dt:J-(1+co7zt)e / dt=j(1+—e T —e™M)eMdt
S 3 % 2 2
—jwt J(m—w)t /(ﬂ—w)t : : :
X(jw) = {e N e N 2smw+smw_smw
- jw 2j(r—-w) 2j(x- w)‘ w T—WwW T+w
d)

x(t):iak&t—kT) for |a|<l

X(jw) = J'x(f)efmdl = IZa'%‘(t —kT)e ™ dt
—o k=0
Note:5(t —kT) =1 forvt = KT otherwise 5(t —kT) = 0 therefore :

0

X(]W) Zak —jwkT __ z 1 —ij

k=0 k=0

Apply finite sum = Zak :% when |a <1
=0

X(jw) =

l—ae ™
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e)
t . . t . .
x(t) = [te % sindt]u(t) = 2 [e~2tei4t — e=2te=i4t y(t) = 2 [e= @Dt — e=@+iDt]y (1)

1
From table: te"*u(t) 5

(a+jw)?
(i) = 1 1 1
0 =2 =+ " @ a+wm?
f)
(1) = {sm m} sin27z(t —1)
nt z(t—1)

From the Fourier Transform Table:

x() = sn;;zt —L 5 X,(jw) =1 for | w|< x otherwise X,(jw) =0

apply the time shifting and time scaling properties =

x,(t) = S 2(7;(1‘1; D_r > X,(jw)=e " for|wl|< 27z otherwise X,(jw) =0

72' —
X(1)=x4(t) X2(t) > X(Gw)={1/2mH{X1(jw)*Xo(jw)}
. 17 . .
X(jw) === [ X,(j0)X,(j(w—0))do
27 =,

X(jw) = el . lw| <n
(1/2n){3n+w)e™ -3n < W <-1
(172m){3n+w)e?™ n<w<3n
0 otherwise

9)
X(1)
1 I
1 1 t
-2 -1 1 2
- -1
) ' -1 ‘ 1 ‘ 2 )
X(jw) = J'x(t)e‘fw’ dt = J' —eMdt+ J' te ™ dt + J'e‘fw’ dt
o 5 -1 1
. 2j sinw
X(jw) =—=| cos2w—
w w
h)
2 x(1)

Ll bl byl L lyes
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if x,(t) = ié'(t —2k) then x(t) = 2x,(t) +x,(t —1) therefore

=—0

X(w)=X,(jw2+e™]=x ia(w—ﬁk)[u e’

k=—c0
x(t)=1-t> for 0<t<l
0 Otherwise

X(jw) = Tx(t)e’w’dt = j.(l —t e ™dt

—0 0

1 2™ 272
X(w)=—+ ==
Jw

2 .2
-w Jw

+00
) x(t)= Ze"t_z”‘ is periodic with period 2 therefore

n=—x0

x(t) = Ze_(’_z”)u(t —2n)+ Ze”_z")u(—t +2n)

n=—o n=—o0

oo 21+ jw) 21w
X(jw):;rZ:L_le2 {1 ¢ —e” le—Hé(W—kﬂ)

1+ jw 1-jw

k=—0

6U. Compute the Fourier transform for each of the following Signals:
a) e cos2s

b)

0 x(t)=4+3t> for O0<t<l
0 Otherwise

+00
d) Z o 22
n=—o0

Solution:

7S. Determine the continuous-time signal corresponding to each of the following transforms.
) 2sin[3(w—27)]
a) X(jw)=
(w—-2x)
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b) X(jw)=cos(4w+ 7 /3)
c) X(jw) as given by the following magnitude and phase plots

X(Gw) 4 X(Gw)
1 1

Slope =-3

d) X(jw)=2[(w-1)-S(w+D]+3[6(w—27)+d(w+27)]
e) X(jw) as shown in the following figure

X(w)

| /
3 -2/-1 1 2 3
-1

Solution:

a)

_ 2sin[3(w—27)]
(w—2x)

Inverse Fourier Transform Table

X(jw)

2sinwl; 1y

X,(jw) = >1 for |t |< T, otherwise x,(t) =0
X, (jw) = jw=wy) e, (1)
therefore

x(t)=e”*" |t|<3
0 Otherwise

b)
0) X(jw) = cos(4w + /3) = l{ej(4w+"/3) + e/ WHT/3)) = lej‘“"ej”/3 + le_”‘”e‘j 3
2 2 2
Inverse Fourier Transform Table
. st
e W S §(t—ty)
Therefore

1 1
x(8) = 5/t + 4) +5 e TS (t — 4)
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X(Gw)| 4 X(w)

Slope =-3

X(]W) :| X(]W) | ej{l?haS@{X(jW)}}
0

1 % . 1 . . |
Inv. FT.= x(t) = Ey J.X(jw)e]“(”dw = 5 '[— we’ M e gy + —'[wej(_”)e’”(”dw
Ty 0

A 2z

(1) = 1| sin(z-3) N cos(t — 3)2— 1
| t-3 (t-3)
d)
X(Gw)=2[6(w—=1)=6w+ 1]+ 3[6(w —2r) + §(w + 2m)]
Inv.. F.T. Table =
Inv.FT{}
2n6(w —wy) —  elWot
2 . . 3 . . 2j 3
— _ _[pJt _ p—Jt _ [pJ2mt j2rmty] — 2L o _
x(t) o [e e '+ o [e + e/ - sint + 7Tcos(Znt)
e)

Inv. FT.= x(t) = 1 J.X(jw)ejw“’dw
27 7

B i . 17 ~ Lt
x(t)=— |-e"dw+— |1+ )’ dw+—| (=1 + 1)’ dw+—| e’ dw
® 27[;[3 27[_'[2( ) 2%-1[( ) 27r-2[

cos3t sint—sin2t
x()=——+ —

J7t J7t
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7U. Determine the continuous-time signal corresponding to each of the following transforms.
) 3sin[5(w—57)]
a) X(jw)=
(w—57)

b) X(jw)=sin(2w—27x/3)

c) X(jw)=5[0(—w—=3)-(—w+3)]+9[0(w—217)+ S(w+21x)]

Solution:

8S. Compute Fourier transform for the following signal:

x(t) = iakd(t—kT) for |alkl1

Solution:
x(t)=Ya"5(t-kT) for |al<l
k=0

X(jw) = ]gx(t)e_jw’dt = Tiaké'(t —kT)e ™ dt

S Sook=0

Note :6(t—kT') =1 for t = KT otherwise 6(t —kT') = 0 therefore :
X(]W) — zake—jwkT — Z(ale—ij)k
k=0 k=0
. ~ 1
Apply finite sum = Za =1— when |a|<1
k=0 -

X(jw) =

1—age™ ™

8u. Compute Fourier transform for the following signals:

x(t) = Si(g)ké'(t —kT) for |al<2

Solution:

9S. Signal x(t) is input to a filter as shown in the following diagram:

Band Reject Filter
* Gain=1 =2
* W =1050 rad/sec — YO
* W =9000 rad/sec

X(H)=6+ 2’7 +3¢c0s(50007 — 7/10) — ]

Derive the expression for the output y(t) in time domain.

Solution:
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(3/2) & in10

/10
| No Pass No Pass (312)e?

-50007 -9000 -1050 0 200m +1050 9000 5000m
-15,200 650 15,200

x(H)=6+2¢"*" +3c0s(50007 — 77 /10)

| » w,rad/s

9U. Signal x(t) is input to a filter as shown in the following diagram:

Band Pass Filter
* Gain =2
x(t)= 10 + 6sin(2000xt) + 4cos(2500mt) —> * W =1,500 rad/sec

* Wy =15,000 rad/sec

—— ()=

Derive the expression for the output y(t) in time domain.

Solution:

10S. Consider the signal
x(t)= 0 for |t|>1
t+1)/2 for —-1<¢t<1

a) With the help of Fourier Transform pair table, determine the closed-form expression for X(jw)
b) Take the real part of your answer to part (a), and verify that it is the Fourier transform of the

even part of x(t).
c) What is the Fourier transform of the odd part of x(t)?

Solution:

a)
in order to be able to use the tables, we need to make the following conversions:

x(t) 1 Ay(t)

A A

1/2

-1 1

We can rewrite x(t) as x(¢) = % I y(t)dt —u(t —1) and then use the following transformations

—00

from the table:
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j.y(t)dtL).LY(jw) + 7Y (0)o(w)
e Jw

sin w

Square wave: y(t)=1/2 for|t|<1 and y(t)=0 for|t|>1 ——
z(t-1) s e " Z(jw)

u(t)L>.L + o (w)
Jw

Which leads to:
) 1 sinw P |
X(jw)=—{——)—e " {—+m6(w)}
jw o w jw
: - jw
X(jw) =25 =S = e 5 ()
jw jw
b)
Even part {x(t)} = {x(t) + x(-t)} / 2
X
t
| :
-1 1
4 X(‘t) 1
\ I
-1 1
4y(1)
12
t
) 1 .
F Sinw
Square wave : y(t) =1/2 for|t|<1and y(t)=0 for|t|>]1 ——
Therefore F {even part of x(t)}=sin(w) / w
c)

x(t) = {odd part of x(t)} + {even part of x(t)}
{odd part of x(t)}=x(t) - {even part of x(t)}
sinw e sinw _sinw cosw

Flodd partof x(t)} = — P RE—— —
Jw jw w Jw jw

—jw
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10U. Consider the signal
x(t)= 0 for |t|>2
t/2 for —-2<t<L2

a) With the help of Fourier Transform pair table, determine the closed-form expression for X(jw)
b) Take the real part of your answer to part (a), and verify that it is the Fourier transform of the
even part of x(t).

c) What is the Fourier transform of the odd part of x(t)?

Solution:
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