Signals & Systems - Chapter 7

18. x(t) is a signal with X(jw) = 0 when |w| > wy. y(t) is another signal with the Fourier transform Y(jw) =
2X(j(w — w¢)). Determine a signal m(t) such that y(t) = x(t)m(t)

Solution:
Fourier Transform Property Table > F'{2X(j(w-wc))} = 2 e’ x(¢)

Therefore m(t)= 2 ¢’

1U. x(t) is a signal with X(jw) = 0 when |w| > wy. y(t) is another signal with the Fourier transform Y (jw) =
2X(j(w — w¢)) + 2X(j(w + w¢)). Determine a signal m(t) such that y(t) = x(t)m(t)

Solution:

28S. x(t) is a real-signal with X(jw)=0 when |w| > 1,000n. Answer the following questions when y(t) =
e x(1):

a) What (if any) limitation on w. is needed to ensure that x(t) is recoverable from y(t)?
b) What (if any) limitation on w. is needed to ensure that x(t) is recoverable from Real{y(t)}?

Solution:
a) Y(w)=F{y(t)}= F{e’" x(t) } = X(i(w-wo)
Since y(t) is simply a shifted version of x(t), it can be recovered by simply shifting y(t) back. Therefore

there is no constraint on the w..

b) y.(t) = Real{y(t)} = Real {x(t)(cos(w.t) + jsin(w,t))} = x(t)cos(w,t)
F{y«(t)} = F{x(t)cos(wct)} = 72 [X(j(w-wc) + X(j(w+wc)]

X(w)
-10007 #1000 W
Yr(jw)
/\I /\I )
“We  _w.+1000x Wc-10007 We

As long as the two parts are not overlapping, x(t) is recoverable = |w.|>1000x

2U. x(t) is a real-signal with X(jw)=0 when |w| > 3,000%. Answer the following questions when y(t) =
cos(w,t)x(¢) :

a) What (if any) limitation on w. is needed to ensure that x(t) is recoverable from y(t)?
b) What (if any) limitation on w. is needed to ensure that x(t) is recoverable from Real{y(t)}?
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Solution:

3S. x(t) is a real signal where X(jw) = 0 for [w| > 2,000r. Amplitude modulated x(t) is g(t) = x(t)
sin(2,000xt). g(t) is further modulated as shown in the following Figure where g(t) is the input, y(t) is
the output. The ideal low pass filter has cutoff frequency 2,000 and passband gain of 2. Determine
the value of output, y(t).

f(t) Ideal
g(t) X » Lowpass [— Y(V)
Filter

c0s(2000mtt)
Solution:
g(t) = x(t)sin(20007tt)
take Fourier transform

G(jw) = Fig(t)} = 1/2j X(j(w-20007)) - 1/2j X(j(w+20007))

(f(t) = g(t).cos(20007tt)
FGw) = F{f(t)} = 1/2 G(j(w-20007)) + 1/2 G(j(w+20007))

Make substitution
F(jw) =1/4jX(j(w-20007-20007)) - 1/4j X(j(w+20007-20007)) + 1/4j X(j(w-20007+20001)) -
1/4j X(j(w+20007+20007))

F(jw) =1/4j X(j(w-40007)) - 1/4j X(j(w+40007))

X(jw)

Ve

20007 +20007 w

Yp(jW)

Low Pass Filter

7N\ N\

-4000n -2000n 2000~ 4000n

All of the signal falls outside the pass band of the low pass filter therefore y(t) = 0.

3U. x(t) is a real signal where X(jw) = 0 for [w| > 1,000. Amplitude modulated x(t) is g(t) = x(t)
cos(3,000xt). g(t) is further modulated as shown in the following Figure where g(t) is the input, y(t) is
the output. The ideal low pass filter has cutoff frequency 1,500 and pass band gain of 2. Determine
the value of output, y(t).
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p(t) Ideal
g X » Lowpass — Y(t)
Filter
sin(30007tt)
Solution:

4S.

y(t)=g(t)(sin(400xt)) is passed through a ideal low pass filter with cutoff frequency of 400w and pass
band gain of 2. Determine the signal at the output of the low pass filter where:

x(t) = sin(200~xt) + 2 sin(400xt)

g(t) = x(t) sin(400xt)

Solution:

g(t) = x(t)sin(4007tt)

take Fourier transform

G(w) = F{g(t)} = 1/2j X(j(w-400m)) - 1/2] X(j(w+4007))

y(t) = g(t).sin(4007t)
Y(Gw) = F{y(t)} = 1/2j G(j(w-400m)) - 1/2j G(j(w+4007))

Make substitution
Y(jw) = - 1/4 X(j(w-8007) + 1/4 X(jw) - 1/4 X(jw) +1/4 X(j(w+8007))
Y(jw) = - 1/4 X(j(w-8007) + 1/4 X(j(w+800m))

The only portion of y(t) that goes through the filter is %4 sin(400=t) which has a frequency less than or equal
4007
- Outputis 2 sin(400xt)

4U.

x(t) = {cos(800xt) + sin (600xt)} (sin(600xt)) is passed through a ideal low pass filter with cutoff
frequency of 800w and pass band gain of 8. Determine the signal at the output of the low pass filter.

Solution:

58.

The signal x(¢) = is transmitted using a modulator to create the signal, w(t) = (x(t) +

sin(1,0007 ¢)
Tt

A) cos(10,0007tt). Determine the largest permissible value of the modulation index, m, such that

asynchronous demodulation can be used to recover x(t) from w(t).

Solution:
The two conditions required for this type of demodulation are:

1) Carrier frequency wc is much higher than the maximum signal frequency, wy
Carrier Frequency, w., = 100007
Max Signal Carrier Frequency, wy = 10007
- this condition is met since w; >> wy,

2) Envelop value of the modulated signal must be positive
In order to meet this condition value of "A” must be such that

x(t) + A > 0 for all values of t
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X(t) is a sinc function as shown below:

Max. value 1,000

x(ti—é

t

Min. value of x(t) occurs at t.,;, = (1/1000 + 2/1000)/2 = 3/2000

5in(1,0007 (3/2000)) 2000
7(3/2000) 3z

Xmin = X(tmin)=

Therefore Min. possible value of A must be equal to so that the Envelop remain positive

kY2
x(t) Maximum _ 1000 _ 3w

— =47

- Modulation Index, m = — - = =
Min. Possible Value of A 2000/3m 2

) sin(5,0007¢) , ) . .
5U. The signal x(1) = ——— is transmitted using a modulator to create the signal,
Tt

w(t) = (x(t) + A) cos(50,0007t).

Determine the largest permissible value of the modulation index, m, such that asynchronous
demodulation can be used to recover x(t) from w(t).

Solution:

6S. x(t) is multiplied by c(t) (rectangular pulse train) shown below:

c(t) 0.25x10° sec.
1 < >

| | \
-10° 0 10~ 2x10°

a) What are the constraint on X(jw) such that x(t) is recoverable from the product y(t) = x(t)c(t) by
using an ideal low pass filter?

b) If conditions from part (a) are true, determine the low pass filter cutoff frequency w,, and the
passband gain, A in order to recover x(t) from y(t)=x(t)c(t).

Solution:
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Similar to impulse train sampling, the requirements are that 27/Ts > 2wy,
where:

wy 1S maximum frequency of x(t)
Ts =107 is the sampling period which is

The constrain on X(jw) are derived from 2r/10° > 2W), > W)y, < 1000x
X(jw) =0 where |w| > wy,

Y(jw) = F{y(t)=x(t)c(t)} = ZL jX(jH)C(jw -0)do From Fourier properties table
7[ —00

Y(jw) = 2L jX(jé?){ Z MHTkleg( —kw, )}d@ From Fourier Transform table
T —o k=-o0

where W, = 27/10° = 2000 > T, = (0.25x107)/2
We are only interested in signal where w=0 -> k=0

nm[zsm(’;wom} {mn cos(kwam}

Apply Hopital Rule =2w,T,

k——>0 o

Y(w) = —— [xGo2w,1,50v-0)ld0

2z
Apply impulse respond sifting rule and use T1 = 0.25x107°%/2, Wo0=2,0001
Y(jw) = %X(]W)[ZW T]— iw) = X(w)=4Y(jw)

Y(jw)

_l0.25

Y_V'WO '&\( V

Wo — Wn

To recover x(t) the low pass filter should have cut off frequency needs to be between wy and (wy —wy).

And the gain A=1/0.25 = 4.

6u. x(t) is multiplied by c(t) (rectangular pulse train) shown below:

c(t) 5x10™ sec.
«—>

| \
-10° 0 10~ 2x107
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a) What are the constraint on X(jw) such that x(t) is recoverable from the product y(t) = x(t)c(t) by
using an ideal low pass filter?

b) If conditions from part (a) are true, determine the low pass filter cutoff frequency w,, and the
passband gain, A in order to recover x(t) from y(t)=x(t)c(t).

Solution:

7S. Determine and sketch Y(jw), the frequency spectrum of y(t) for the following system. Where X(jw) is
the Fourier Transform of x(t):

x(t) W
-ow 4w dw 6w

w —» y(t)

cos(6wt) cos(5wt)

X(Gw)
0.5
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Solution:

X(Gw)
0.5
AN )
-wW w

X(jw) after 1% modulation (6w)

0.25 0.25
w
-Tw 6w -5w Sw 6w Tw
X(jw) after 1% Band Pass filer
0.25 0.25
w
-6w  -5w Sw 6w
X(jw) after 2" modulation (5w)
1.1/8
!\ M -
-1Mw 10w w 0w 10w 11w

X(jw) after 2" Low Pass Filter

7U. Determine and sketch Y(jw), the frequency spectrum of y(t) for the following system. Where X(jw) is
the Fourier Transform of x(t):

X W w >y
-ow  -4w 4w 6W Aw dw

cos(5wt) cos(4wt)

X(jw)
0.2
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Solution:

8S. x(t) is band limited {X(jw) = 0 for |w| > wy}. Consider an amplitude modulation and demodulation pair
where each have a different frequencies (w. and wy) as shown below:

X(t) y(®)

ki

Modulation system

y(t) = x(t) cos(w,t)
Cos(wct)
Low pass filter

Demodulation system

w(t) = y(t) cos(wat) H(w)

w(t) o)
y(t) —>xi(t)
W
Cos(wt) ~Weo Weo

Low pass filter cut off frequency, w,,, is constrained as shown below:
Wy + AW < W, < 2W, + AW — Wy Where Aw=wy—w,

For the above system:
a) Show that the low pass filter output, x(t), is proportional to x(t)cos(Awt).
b) Sketch the spectrum of the output of the demodulator.

Solution:
a)
w(t) = x(t) cos(wqt) cos(w.t)
Apply Trig. Relation = cos(a) cos(b) = cos(a+b) + cos(a-b)
w(t) = %2 x(t) {cos(wy + W)t + cos(wq - W)t }
w(t) = 2 x(t) {cos(2w, + Aw)t + cos(Aw)t }
w(t) = %2 x(t)cos(2w, + Aw)t + V2 x(t)cos(Aw)t }

First term frequency spectrum > 2w, + Aw — wy < |wy| < 2w, + Aw + w),; so this term will not pass
through the low pass filter therefore the low pass output is:

X(t) = x(t) cos(Aw)t
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b)

X(iw)
1
w
-Wpnm Wnm
Xi(jw)
]
o w
Wy - AW -AW AW AW + Wy

8U. x(t) is band limited {X(jw) = 0 for |w| > 5000 }. Consider an amplitude modulation and demodulation
pair where each have a different frequencies as shown below:

x(t) y(t)
Modulation system
Cos(10%)
Low pass filter
Demodulation system
W
0 4.@_. 5 o)
w,Mrad/sec
Cos(5*10°) -0.75 0.75

For the above system:
a) Show that the low pass filter output, x(t), is proportional to x(t)cos(Awt).
b) Sketch the spectrum of the output of the demodulator.

Solution:
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